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ABSTRACT 
The diophantine quation 2y t = 7 k + 1 is shown to have no solutions in integers 
for k > 2. Since this is a necessary condition for the existence of close-packed ouble 
Hamming-error-correcting codes on q = 7 symbols, there exist no such codes. 
I. INTRODUCTION 
The study of error-correcting codes began in 1948 when Shannon's Fundamental 
Theorem [I] pointed out their importance by showing that it is possible to signal 
over an error-making binary channel with arbitrarily small probability of error 
in the delivered information. According to Shannon, the effects of errors produced 
in the channel are to be eliminated by using an error-correcting code. Unfortunately 
his proof does not give a practical scheme for constructing these codes. Since then, 
a good deal of work has been done in the relatively new field of error-correcting codes. 
In this paper it is established that there exists no dose-packed ouble Hamming- 
error-correcting code on q = 7 symbols. 
A close-packed error-correcting code (or perfect code as it is sometimes called) 
is a linear code that for some m has all patterns of weight m or less and no others 
as coset leaders. For further definitions and properties of error-correcting codes, 
the reader is referred to Peterson [2]. For the purposes of this paper, the following 
equivalent, but more applicable, definition of close-packed ouble error-correcting 
code will be used. Let V, be the n-dimensional vector space of all n-tuples whose 
entries are taken from the ring of integers rood q (q >~ 2). By the Hamming distance 
between two points of V~ we mean the number of places in which the points disagree. 
A close-packed double error-correcting code is a subspace S of Vn subject to the 
following conditions: 
(i) the distance between any two points of S is at least 5, and 
(ii) every point of V. is within distance 2 of some (hence a unique) point of S. 
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Clearly, #(IZ~) =- q~ and, since S is a subspace, #(S)  = q,-k for some k ~< n. 
It is known that a necessary condition for the existence of a close-packed error- 
correcting code is that the space V~ form disjoint spheres about the points of S. 
From this it follows, see [3], that the diophantine quation 
x2- - (q2- -6q+ 1) - -8q  k ~---0 (1) 
must have a solution in positive integers x and k. This necessary condition, although 
not sufficient, has been studied for q -- 2, 3, 4, 5 and 6. 
For q =- 2 there are two nontrivial (i.e., k > 2) solutions of (1), but only one 
of these leads to a code: (n, k) = (5, 4) (see [4]). 
For q := 3 the only solution of (1) (for k > 2) occurs when k = 5; this leads 
to a code (n, k) = (11,5) (see [5] and [6]). 
For q = 4 there is one solution of (1), but since this yields an n which is not an 
integer, there are no codes (see [3]). 
For q = 5 there are no solutions (for k > 2) of (1) (see [7]). 
For q = 6 there are no solutions and hence no codes (see [3]). 
In this paper we study (1) with q = 7 and show that there exists no close-packed 
double Hamming-error-correcting codes for this value ofq. Letting q == 7, (1) becomes 
x 2 = 8(7~+ 1). (2) 
We let x = 4y and note that (2) becomes 
23, 2 = 7 k + 1. (3) 
By showing that (3) has no solutions in positive integers for k > 2, we will have 
established our desired result. [Note that for k = 0, 1, 2 there is a solution to (3).] 
2. y ODD 
y odd implies y2 ~ 1 (mod 4) implies 7 k --= 1 (mod 4) which implies k is even; 
letting k = 2k and z = 7 k, (3) becomes 
z ~" - -  2y 2 ---- --  1. (4) 
The following theorem is well known; a complete statement and proof appear as 
Theorem 21, p. 206 in [8]. 
THEOREM 1. Let D be a square-free positive integer and let m be the period of the 
expansion of the D 1/2 as a simple continued fraction. I f  m is odd and the convergents to 
the D t/z are P , /Q , ,  then, the positive solutions of (4) are z----Peru, Y = Q,,~ 
k = 1,3,5, . .  
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Since Vr2 =- (1, 2, 2, 2, . . )  = (1, 2), it follows that m - 1 and 
Po = 1, P1 =~ 1, P2 =- 3, Pa = 7 ..... Pe = 2Pk-1 + Pe-~, 
Qo = 0, Q1 = 1, Qz = 2, Q3 = 5 ..... Qk = 2Qk_x =Qk_2.  
It is well known that consecutive P's  and Q's are relatively prime (see [8] for proof). 
For P,~, Qm to be an acceptable solution to (4), we must have that Pm= T: for some k. 
Pa, Q,~ is an acceptable solution, for in this case k = 1 (but this corresponds to 
k = 2 and we recall that k > 2). In theorems 2-8, it will be demonstrated that for 
k > 2, it follows that m ~ 21 (mod 42). The proof is completed by establishing 




For m >~ 1, P is divisible by 7 i f  and only i f  m == 3 (mod 6). 
= 2P.,-1 -1 t- P~n-2 = 5Pro-2 --~ 2Pm-a = 12P.,_a + 5P,.-4 
---- 29P,,,_4 + 12P,._5 ~- 70P,~_s + 29P, .~.  
Since consecutive P's are relatively prime, it follows that if 7 [P,, then 7 I Pm4 
and 7 "r P,,,-1 " P,,-2 " P,,~-8 " P,n-4 " P,~-5. Clearly 7 [ P,, if and only if 7 I P,,-e ; 
but Pa = 7. 
Thus 7 ] Pz ,  P~, Pls ..... P6,+3, s >~ 0. Q.E.D. 
We shall now determine that subset of the set P = {P6,,+als --=- O, 1,...} all of 
whose members are divisible by 72 , In order to do this we first establish the following 
theorem. 
THEOREM 3. For m >~ 1 the following relationships hold: 
(i) P,,P,~+I --  P,,-aP,, = 2P,,,2; 
(ii) p, 2 :~ p,~+lp,,_x + 2(--1)"*; 
(iii) P,,_2P,,+I = P,~_IP,, + 4(- -1) ' .  
Proof. (i) P,~-I - -  P,,,-1 = 2P,~. Now multiply the equation by P,~. 
(ii) (Introduction on m). (ii) holds for m = I, 2, 3. Now suppose it is valid 
for some value m =: k and add 2Pk Pk+x to both sides, getting p2  + 2p~pk+ 1 = 
Pk+iPk-1 + 2P~Pk+I + 2(--1) k. This becomes 
Pk(Pk + 2Pk+l) = Pk+l(2Pz + Pk-1) + 2(--1) k 
or  
o r  
PkPk+2 -= P~ k+l + 2(--1) k 
completing the induction, 




(iii) From (i) and (ii) it follows that 
PmP~+~ -- P~-xP~ = 2P~-xP,.+x + 4(-- 1)" 
(e,~ - 2P , . _0  e~+i  = P,._~P,. + 4(-0". 
This completes the proof. 
THEOREM 4. For m ~> 1, P~ is divisible by 49 i f  and only if m =-- 21 (mod 42). 
In order to establish this theorem we will find that subset of the set of numbers 
which are divisible by 7 that are also divisible by 49. To do this we first need the 
following lemma. 
For all s >~ 1, P~,+~P~,+x -~ --7 + 8P~s-iP~,_~ (mod 49). LEMMA. 
Proof. 
P6.,.2P6,+l -- (2P6s+1 + Ps,)(2P,., + Phi-l) 
= (5Pns + 2P,,_l)(5P,,_ a -- 2P,.,_2) 
= (12P,.-1 + 5P~s-,o)(12P,,_2 + 5P,,_3) 
= (29P6,_2 + 12P~_s)(29P6,_s + 12Pc,_,) 
= (70P,,_s + 29Pe,_4)(70P6,-4 + 29P6s_5). 
But P6.~-s =--- 0 (mod 7) implies 70Ps~-s ~ 0 (mod 49). Also since 29.70 ~- 21 and 
29.29 --- 8 (mod 49), we have: Ps.,+2P6~41 ~= 21P~,_ 4 + 8Pe.~-4P,.~-5 (rood 49). 
The proof of the lemma now follows by applying Theorem 3 (ii) to Pg,-4 9 
Proof of Theorem 4. By repeated applications of the lemma it follows that, for 
all s >~ 7, 
(i) Ps~+2P6,+x ~ P6~_~Ps._~_x (mod 49) for i = 4, I0, 16, 22, 28, 34 
and 
(ii) Pe,+2P6s+I ~ Pe~_4oPs~_4a (rood 49). 
Clearly [Theorem 3(iii)], Pssees+3 = Pss+lPs~+2 + 4 and P6~_s~P6~_42 = Pes_4oPss_41 + 4. 
Since 7 g P6s or Pc.,-39 (Theorem 2). it follows that 7 2 [ P6,*z if and only if 7 ~ 
I (P6.,+aP6~ + 4) and 72 [ Pe,~-42 if and only if 7 ~ I (P~,-4oP,~-4~ + 4). Thus, 
72 I P6~+3 "r 72 [ (P,~+~Psv-2 + 4) -~- 7' I (P6~-~oP6~-a~ + 4) -~- 7 ~ I P,~-,2 9 
Now it follows that 49 divides at most one member (if it divides no members then 
we are done) of the set P = {Ps, Ps,  P15, P21, P~7, Pss, P3~}- 
A quick computation yields that P~a = 72(1,114, 457). This completes the proof 
of Theorem 4, for it now follows that m ~ 21 (rood 42). 
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It now remains to establish that no member from the set of numbers P42t-~m ; 
t ~- 0, 1, 2,... can be a power of 7. This is done by showing that every such number 
is a multiple of P21 and, since 7 r 1, 114, 457, the desired result for the case y odd is 
obtained. To do this the following three theorems are needed. (The proofs of Theorem 
6 and 7 are omitted since they are straightforward and very similar to the proof of 
Theorem 5.) 
TH~.Ol~M 5. For i >~ O,j >! 1 it follows that Q~+~ = Qi+IQJ + QtQJ-x. 
Proof. (Induction on j.) For j  ---- 1, 2 the theorem clearly holds. Suppose it holds 
for j  = k and k --  1 and eonsiderj -- k + 1. Then 
Q~+~+x) = 2Q,+~ + Q,+~_I = 2(Q~+IQ~ + Q, Qk-x) + (Q,+xQ~-x + Q, Qk-2) 
= Q,+x(2Qk + Pk-l) + Q,(2Q~_x + 9~-~.) = Q,+xQ~+~ + Q,9~. 
Q.E.D. 
Trmom~M 6. For i >/0,  j >~ 1 it follows that P;+j = Qi+lPj + QiPJ-x. 
THEOREM 7. For all m >~ 1 it follows that Pm ---- 89 -q- Qm-x). 
TrlEOREM 8. For all t >/0 it follows that Pm I P42t+21. 
Proof (by mathematical induction on t). t = 0 clearly holds, t = 1 yields: 
Pes : P41+22 : Q42P22 + Q4xP2x (Theorem 6), but Q,2 : O~l+m : Pro(Q20 -+- Q22) : 
2QmP2a (Theorems 5 and 8); thus P21 [P~s. 
Now suppose the theorem holds for t : k and consider t : k + 1; then 
P,2~*+1)~ zx = P,2k+63 = P,l+~,z,+~2) = P,2P,2k+,2 + 9,1P,2~+2x 9 But P21 I Q,2 (case 
t --  1) and P~llP42k+m (induction hypothesis). Thus P21 [ P,2~+e3. This completes 
the proof of Theorem 8 and hence also the case y odd. 
3. y EVEN 
y even implies 7 k . . . .  1 (mod 4) which implies k is odd; letting k = 2k + 1, (3) 
becomes 
2y 2 = 72k+l + 1. (5) 
Muhiplying through by 2 and letting 
u =2yandv- - - -7  ~, 
(5) becomes 
u 2 - -  14v  ~ ~ 2 ,  (6 )  
where 4 I u, and v is a power of 7. 
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The following theorem is well known and for a proof the reader is referred to 
Theorem 20, p. 204 in [8]. 
THFOREM 9. Let n be an integer and let D be a square-free positive integer so that 
D 1/2 > [ n ]. I f  uo, v o is a positive solution of u s - -  v2D = n, then uo/v o is one of the 
convergents to D ~/2. 
- -  t Since ~/14 ~> 2 > 0, every positive solution u 0 , v 0 of (6) has Uo/V o as one of the 
eonvergents o x/14. Also because (Uo, Vo) = 1, we have that u o = P,", v o -- Q,, for 
some m and each positive solution u 0 , v 0 of (6). 
It is easy to show that ~r --= (3, 1, 2, 1, 6) and, for m ~ 1 
Po = 1, P~ = 3, P2 = 4, P3 = 11, P4 = 15, 
P5 = 101 .... , Pv~ = P4m-x + P4,"-~, 
P4,,-~ : :  6P4~ -q- P4,,-1, P,,~+2 : P4,,+I + P4,", P4,"+3 : 2P4,"+2 + P4,,,+1, (7) 
Qo = 0, Qx = 1, O,, = 1, 93  = 3, Q4 : 4, 
Q5 = 27,..., Q4," = Q4m-a -{- Q4,"-,, 
Q,,"+~ = 6Q4," -i- Q,,"-~, Q,,.:.. = Q4,"+l + P4,", 94,.+3 = 2Q4,._~ + Q,, .+I.  
THEOREM 10. For m >/0  it follows that P4m , P4,"~1. P4,"+a are odd. 
Proof. From (7) we have that 
P4,"+3 = 20P4," -[- 3P4,"-1 and Pv,+l = 20P4m-2 + 7P4,"-3 9 
This implies that all numbers of the form P4,"+1 have the same parity and all numbers 
of the form P4m+3 have the same parity. S ince/ '1 ,  P3 are both odd, it follows that 
all numbers of the forms P4,"+1 and P4,"+3 are odd. Also from (7), P4m+4 = 
4P4,,+x + 3P4m implies that all numbers of the form P4," have the same parity. Since 
Po, P4 are odd, they are all odd. Q.E.D. 
Thus it follows that the only acceptable solutions must be of the form Pvn+2, 
Q4,"+2 m = 0, 1, 2,..., and every such solution must have its Q4,"+2 as a power of 7. 
First we shall determine which of these numbers is a multiple of 7. Second we complete 
this case, and hence the paper, by showing that each of these numbers is divisible 
by Qx4, which is not a power of 7. 
THEOREM I 1. For m >~ 0, Qv~+2/s divisible by 7 i f  and only i f  m =-- 3(rood 7). 
In order to establish this theorem, we first need the following lemma which is 
based on (7). 
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LEMMA. For m ~ 7, 7 I Q4m+2 if and only if 7 ] Q4m-m ; and if 7 :Q4m+~, then 
7 ,Q4,._~for i = 2, 6, 10, 14, 18, 22. 
Proof. Applying (7) repeatedly, it follows that 
(i) Q4,n+2 -- 7Q4,n -}- Q4m-1 -= Q,,.-x (mod 7) and if 7 [ Qo.+2 then 7 ~" Q4m-ii - 
-1 ,  0; it follows that 7 I Q4m+2 if and only if 7 [ Q4m-x 9 
(ii) Q4m-~ = 2267Q,.-n + 1978Q4,,,_x2 = 4Q4,._x2 (mod 7) and if 7 [ Q4,.-~ then 
7 ~ Q4.~_~i =- 2, 3 ..... i 1 ; it follows that 7 I Q4.,-x if and only if 7 [ Q4m-lZ 9 
(iii) Q4.~-12 := 2667Q4.~_22 + 929Q4,,,_2s -=-: 5Q4.,_23 (mod 7) and if 7 ] Q4,.-12 then 
7 r - i = 13 ..... 22; it follows that 7 [ Q4.,-12 if and only if 7 [ Q4m-~ 9 
(iv) Q4,.-~s - 7Q4.,-~5 + 6Q4,.-~8 ~ -Q4. , -~  (mod 7) and if 7 I Q4,.-2s then 
7 r Q4m-~, i = 24, 25; it follows that 7 [ Q4,.--.z if and only if 7 1Q4m-2s - 
The proof of the lemma is now completed by observing (i)-(iv). 
Proof of Theorem 11. From the lemma it now follows that 7 divides at most 
one member (if it divides no member, then we are done) of the set Q = {Q2, Q, ,  
Q10 ,Q14, Qxs, Q~,  Q2,}. A quick computation yields that Q14 = 7(3977). This 
completes the proof of the theorem, for it now follows that 7 I Qa4, Qaa ..... Q2~+~4, 
or that m - -  3(rood 7). 
Thus we need only consider numbers of the form Q2s.,+14, s ) 0. We shall show 
that each such number is a multiple of Q14 --- 7(3977). (Since 7 ~' 3977, Q~4, thus 
also Qz8~+l~, is not a multiple of 7.) To do this we first need: 
THEOREM 12. For 0 <~ i < m, 
O,,.+2 = 2Q4.+x) Q4(,.-,)-1 + (Q4i+, + Q4,+z) O,(m-o-2 9 
Proof(induction on i). For i = 0, 1 the theorem clearly holds. Suppose it is 
true for i = k --  1 and consider i = k < m: 




Q4(,.-~)+s = 23Q4(,.-k)-i + 20Q4(,._~)_2, 
Q4(m--k)+2 = 8Q4(m-k)- I  + 7Q4(ra-k)-2 ;
Q4,~+~ = 2(27Q4, + 4Q,k-1)Q4cm-~)-I + (47Q4~ + 7Q4,-1)Q4(,.-,)-e 
= 2Q,(,+1~ Q,(~._,~_I + (Q,,+, + Q,,+3) Q,,.- ,~-, 9 Q.E.D. 
THEOREM 13. For s >~ 0 it follows that Qa4 [ Q~88+t 4 .
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Proof ( induct ion on s). I f  s = 0, the theorem is clearly true. For  s = 1 we apply 
Theorem 12 with m = 10 and i = 6, gett ing 
9,~ = 29~ + (9~, + 9~,) 91,. 
A computation yields Q2s --= 104, 164914 , thus completing the case s == 1. Suppose 
it is t rue for s = k - -  1 and  consider the case s = k. 
9~8~+1, - -  9,c7~+3~+~ = 29,(~+1~90(7~+3-,~-1 + (9,~+, + 9,,+~) 9,(~k+~-~-~ ; 
let i =: 6 and we have 928k+14 = 29~,8928k--13 "~ (928 ~-927)928k--14 9 But Q1, [92s 
(by above case s : -  1) and Q14 ] Qzsk-x, ( induct ion  hypotheses).  Th is  completes the 
proof  of Theorem 13 and hence also the case y even. 
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